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AS  a part  of  the  experimental  program  or  the  Edwards 
Strr’st  T^horatory,  it  was  necessary  to  locate  equipment  in 
the  waters  of  a harbor  vjith  precisions  and  both  to  follow 
the  course  of  bodts  in  relation  tc  this  equipment  and  to 
maneuver  boats  over  pre-chosen  courses,  Precise  methods 
of  'o*?vlgation  were  accordingly  of  interest.  I'hle  theoretical 
report  was  prepared  aa  a guide  to  the  degree  of  precision 
of  location  and  of  navigation  which  might  be  attained  with 
three  different  methods  of  measurement. 


ABSTRACT 


An  iaportant  question  for  any  navigational  ayotoa  is 
the  following.  ?or  a pre-asaigned  uncertainty  in  posi- 
tion what  is  the  mejclmum  error  which  can  be  tolerated 
in  measuring  the  coordinates  of  position?  Three  types 
of  navigational  systcmc  are  considered  in  this  report; 
a)  Position  determined  by  measuring  at  two  fi:ced  stations, 
a known  distance  apart,  the  angles  subtended  by  the  vessel 
and  the  baseline  connecting  the  stations,  b)  Position  de- 
termined by  measuring  at  a single  station  the  range  and 
angle  subtended  by  the  vessel  relative  to  a fitted  d5Tec- 
tion,  c)  Position  determined  by  raeasut^ing  the  ranges  from 
two  fixed  stations  e known  distance  apart.  For  each  case 
curves  have  been  computed  which  relate  the  uncertainty  in 
position  to  the  maxiaiiiio  permissible  error  of  the  position 
parameters.  This  information  also  has  been  presented  in 
the  form  of  maxiinuia  error  contours  vjhlch  can  be  scaled 
and  auperiiaposed  on  a chart  for  direct  reading. 

This  report  was!  edited  and  the  abstract  prepared  by 


A.  Vcorhis. 
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The  V of  this  rSi/orL  ft.'-.s.;?  U ,;■ 

out  ol'  the  rvob!*'^w  of  datermir' jn.,  ;;ie  j;csitl.o-'  • i' 
a ship  :a’  ct-ier  object  near-  the  s’'-o:>'e  by  the  u?'.!' 
of  ftserl  c-renoe  station^  on  shore’.  Of  r.-e 
various  coir, b i nations  of  pcsitlon  p.ft;;-arriOters  ( rivoaer'rsd 
quantities , each  as  angle,  dletanee ,ctc  . ) ,we  ioavs 
restricted  oar  attention  to  the  following: 

1.  Consider  two  fixed  shore  stations.  Parameters: 
the  two  angles  included  tetvjeen  the  line  of  sight 
from  each  station  to  the  ship  and  a suitable  fixed 
direction  (usually  the  base  line)„  Figure  . 

2.  One  shore  station.  Parameters:  the  distance 
from  the  statlo.n.  to  the  ship  and  the  angle  included 
betvreen  the  line  of  sight  and  a suitable  fixed 
direction.  Figui^e  ,7  .. 

3.  Tvjo.  shore  stations,  paraj.'ieters ; the  two  distances 
from  each  station  to  the  ship,  Pigur«=’  il  . 

In  each  of  these  three  casepwe  shall  define  the 
error  of  position  and  show  how  this  error  varies  as 
a function  of  position  and  of  assumed  errors  in  the 
position  parameters.  However, the  prlnoiph.l  purpose  of 
this  report  is  to  treat  the  inverse  probler;:  given  a 


preassigned  na^irnuiTi  allowable  error  of  position,  with 
vjhat  accurao;/  need  the  position  parameters 

in  order  to  obtain  a fix  which  remains  v;lthin  the  given 
allov/able  error  cT  position?  VJe  purposely  neglect  the 
Dossibilit^r  that  ono  ov  several  of  the  pcsicion  par<i-= 
meters  may  be  measured  with  extreme  accuracy;  our  ma.in 
interest  lies  indetermining  as  a fur-cticn  of  position 
the  maximum  vorrcr  that  one  is  allowed  to  make  in  measuring 
all  of  the  position  parametex’s.  An  implicit  assumpr.ion 
here  is  that  the  Tnsasuririg  instruments  have  an  errorc* 
distribution  curve  which  is  finite  in  extent,  that  !s, 
the  probablity  of  an  instrument  error  g^xeater  than  t ome 
fixed  consta.it  is  ::;erc. 


We  realise  that  our  approach  to  the  problem  may  be 
’’wasteful”  in  a sense;  but  it  is  hoped  that  the  results 
will  justify  our  point  of  view, 
case  1.  Consider  the  follox'jlng  figure. 


rmeasui'ed  angles 

A.B  : fixed  reference  stations 

C : object  whose  position 
is  to  be  determined 

c ; distance  between  stations 
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3y  using  the  la.w  of  sines  and  by  noticing  that  angle 

ACQ  - 7T-  ^ 4j 


and  that  $r^  {'W-- d,--  \ ^ obtain 


^ 4)^ 

'tr  C - 


^vr,  ^ V- 

Then  the  x and  y coordinates  of  C.  are  easily  seen  to  be 


X-=  <:? 

5tv.  <4.  ^ 

!'/  ^ Z "’ 

Thus  X -f  (C , 4>,  ,4^)  <3-'>c/  ^ ^ ^ The  errors 
In  the  )(  and^  coordinates  of  C'  in  terws  of  the 
C j (pj  s.nd  (6^  are 
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Here,  we  may  assume  that  the  clistance/jcati  be 
measured  as  accurately  as  we  please;  therefore 
w©  may  set  ci  Q in  equation  {3) 
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We  shall  term  the  error  of  position  of  C <a,5  i!2^^  ~ ’fjx^-hc^ <>f 
Geometrically,  the  error  of  position,  e^Sjls 
exactly  what  v?e  might  expect;  it  is  the  length 
of  the  line  CC  * figure*  2 , 
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Figure 
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3y  ntralghtfom-jard  calculation  together  t;tth  simple 
tz’lgonometric  Identities,  we  have 
yV  2. 


A-  ” <s:. 

M 

Equation  (^*)  , vhen,  gives  vhe  em^or-  or  position  as  a 

function  of  4 ..  4 y ^ J’^cwever, 

the  expression  on  the  right  is  rather  complicated  and 
difficult  to  interpret  as  it  stands . VJe  shall  make  the 
follov/ing  simplification  which,  in  our  opinion,  is  not 
unrealistic . Lotting  zn  t cJ 

equation  (4)  becomes 


(<^i  4a} 
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r^’j 


9. 


“ O' 


- 


Wg  sliouid.  1*3 lc0  1icr***i  l-iic?  r*ox*^  n’,’i*i  r*:^**'.'',*;^ 

C'V 

that  is  allowsci  in  ni^nsurii^  and  Q\  ,roi*  a tiiiven 

separation  of  the  refei’cnce  stations  and  for  a given 
maximum  s.llov;ahie  error  of  position.  Equation  ;ts 

practieclly  useless  for  this  p urposo,  since  the  denoml nat-or 
of  ths  right-hand  noraher  Is  not  single- valued.  In  order  to 
rectify  this  Eltuatlcr.,  ;;c  roylace  the  (±)  ij’-y  fv-J  aiid 
take  the  absolute  value  of  Cosftff-t-^d^^jthnz  making  the  denomi- 
nator .single-valued  and  giving  ^ ^ ^*4.  its  £ma2.1er  value. 
This  change  Insures  that  is  alxiays  within  the  allow- 

able error  range  in  the  mcasureriie.nt  of  (p^  (jff 
final  sxpi'esolon  which  we  seek  Is  then 


C ^ dqj‘ 


Equation  {(p]  .Is  stii.1  somevjhat  complicated  and  so  several 

graphs  have  been  prepared  to  show  more  clearly  the  variation 
s d ^ 

of  ’■‘-'zrd  with  the  oositicn  of  the  object.  Also,  a con- 
tour  chart  is  inciuf.cd  showing  those  regions  of  the  harbor 


(relative  to  the  reference  stations ) xvhere 


c 

'^s 


asEU’wss 


certain  constant  values.  Each  graph  is  fully  explained  on 
the  page  preceding  it. 


(J^j 
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Figures  ^ and  4 


Here  we  see  the  variation  of 


C cfS, 


/a/c 


as  a function 


of  one  of  the  measured  angles  with  the  other  angle  as 


a parameter.  Note  that  either  angle  may  be  used  as 
parameter  since  equation  (6)  is  symmetric  in 


Figure  4-  on  the  following  page  Is  a magnification 

_ c c^d>, 

of  Figure  o for  the  range  q ^ £0,4 


Fi our e 


Flf^ures  ^ and  6 

Figure  S"  shovjs  the  relation  betvjeen  the  measured 

J.  2 CciS,  ^ 

anelea  0.  and  0.  for  various  of  — - — . Figur-e  &-• 

shows  the  partitioning  of  the  area  under  conhlderativon 

xnto  equal-error  regicna,  that  is,  those  regions  in  ivhich 

the  maximum  allvowable  erx’or  of  measurement ^ ^ ^^2,) 

is  the  same  for  given  C . Hote  that  the  curve 

labled  LO  is  a portion  of  a circ'e  passing  through  the 

reference  stations.  On  this  cux*ve,  the  lines  of  sight 

Intersect  at  right  angles  and  maximum  allowa.ble  error  in 

(p^  ^2.)  largest. 
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Ths  eri^oi-  oi’  poi^itlon  of  S i:*  g;i7eii 
.5 -li 

n 

vihere  d.r  and  cl 4*  ascii-;Kd  c;j.'':':’one  In  the  posit.io;<j  ’^ar-e.- 
nsetes-B  s:'  s.rcjd  <d  , {ieoraetries-ily,  ds  is  tos  longt-/.i  of  th« 
line  SS  ■ in  7,  V/o;  cannc'b,  as  in  case  I.,  the' 

above  eouatloii  1;/  lottln..;;  cl:?:r  :>!;  dth  ^ say,  sxncc  r and 
measure  quarstitJeo  of  d5.:?forenn  eatu;:e.  Instead,  ae  cciiSld'-r 


one  of  the  varlab'i.o.-;  dr,  r and  as  a.  par'amocer  and  g?,eiph 
this  rela-{;i'Oia,-,  ■i.e^'-ting  the  remaJming  zvio  quard.itlos  act  as 
independent  ai^d  dependent  varia.ble.  These  gr&.phs  -sxjprlse 
figure  d«}.0.. 
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oog  / 


o/  X 0 2 
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We  do  not  give  an  equal-error  diagram  for  this 
case;  \ve  shall  simply  describe  It.  First,  let 
us  put  equation  (7)  the  form 


(8) 
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/-  ( 


,'CJ  I' 


cfS 


We  shall  assume  that  does  not  vary  appreciably 
with  distance  ^ but,  to  fix  the  Ideas,  let 

■=  the  largest  vjlthln  the  range 
of  the  measuring  instrument).  Further, note  that 
^ does  not  occur  in  (8).  Thus,  by  letting 
dS  assume  certais'j  fixed  values,  we  obtain  con- 
centric circles  i with  center  at  the  reference 
station)  as  the  equal-error  contours.  A different 
value  of  K will  simply  dilate  or  contract  the 
entire  diagrejii.  It  should  be  remarked  here  that 
since  CfS  Is  a preassigned  constant,  we  often 

v;rlte  and  Instead  respectively, 

cf  3 ^ ^ 

This  simply  amounts  to  a change  in  scale . 


5. Here  v;e  consider  two  fixed  reference  stations 
on  shore  v^lth  tv/o  measured  distances  as  position 
parameters. 


A,  B;  reference  stations 
a,  b:  measured  dlatarxces 

W,  CJf,  WXV/Ai  vx 

stations 


No w introduce  a system  of  polar  coordinates  with 
center  at  A.  in  this  system,  the  point  S may  be  des- 
cribed  by  the  couple  (V;  <j>  ) where  CL  ; 

consquently,  v.'e  may  define  the  error  of  position  as 
^ td t As  in  th.c  provioua  two  cas6s  snail 

find  an  expression  for  ds  in  terms  of  a,  b, 

^ and  v/here  and  ^ are  the  errors  in  a and  _b 
respectlveljf . To  this  end,  cons'? n^r  the  follox-^lng 
analysis . 

r o.  ^ Jr~.  c^a. 
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Letting  and  rearranging  terms  j,  we  obtain 

fda. 
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(B:^‘ £j ■ 
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■'  ^2?- 
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As  in  caprs  I,  v;£  sliould  Ttlke  the  term  to  give 

the  maxlmurn  error  that  is  a.Hcxvecl  in  mea^i^rlng  ^ 

for  a given  maxiraur).  al.Tovjpbie  errax'  of  petition. 

/»* 

Thus»  in  order  to  make  .33  amal?.  as  posBibie, 

dS 

we  choose  in  eqiiation  (f^)  the  N~)  when  Z C^ 

and  the  (— ) when 


17 


1 ^ 

If  we  choose  the  (-h)  and  let  A S — 
■then  st-T*3.1glit'fQi*v73^d  CElculations  shov.' 

^ ^ J /xj  ^ 7 


4-  JLA  Jt  f tX  i-—  f i 

y t.  y ■ j 


J - ^ 

dy  = s' 


z! 
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If,  on  the  other  hand  v^e  take  the  (’— ) 

\ 2 


then 


^ / 


Equations  (10)  and  (11)  then  give  a relation  between 


^CL 

cfs 


and  the  positon  of  the  object  for  the  ad- 


missible ranges  of  /I  > a^aL , The  figures 


vjhich  folloxv  give  this  relation  in  graphical  form. 


16o 


Figures  12  J-c,  13 


r \X. 

Figure  i2  shows  the  variation  of  ( -y-  J as  a 
function  of  one  of  the  measured  distance  with  the 
other  distance  as  parameter,  for  the  case 

/i  < I 


^ *1  ^ 

1-  *=  J^J 


la  rjiiiiiiar  tc  Figure  ic.'  for  the  case 


y*- z 


Figures  l4  and  15  show  a partitioning  of  the  area 
under  consideration  by  equal  error  contours  In  exactly 
the  same  way  as  c/one  in  flgurfj  6. 
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NOTICE;  WHEN  GOVERNMENT  OH  OTHER  DRAWINGS,  SPECIFICATIONS  OR  OTHER  DATA 
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ARE  USED  FOR  ANY  PURP^OSE  OTHER  THAN  IN  CONNECTION  WTTH  A DEFINITELY  RELATE ! 
GOVERNMENT  PROCUREMENT  OPERATION,  THE  U.  S.  GOVERNMENT  THEREBY  INCURS 
NO  RESPONSIBILITY,  NOR  ANY  OBLIGATION  WHATSOEVER;  AND  THE  FACT  THAT  THE 
GOVERNMENT  MAY  HAVE  FORMULATED,  FURNISHED,  OR  IN  ANY  WAY  SUPPLIED  THE 
SAID  DRAWINGS,  SPECIFICATIONS,  OR  OTHER  DATA  IS  NOT  TO  BE  REGARDED  BY 
IMPLICATION  OR  OTHERWISE  AS  IN  ANY  I^IAPINER  LICENSING  THE  HOLDER  OR  ANY  OTHER 
PERSON  OR  CORPORATION,  OR  CONVEYRJG  ANY  lUGKTS  OR  PERMISSION  TO  MANUFACT UR 
USE  OR  SELL  ANY  PATENTED  INVENTION  THAT  MAY  IN  ANt  WAY  BE  RELATED  THERETO. 
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